Spin waves, and their quanta magnons, are prospective data carriers in future signal processing systems because Gilbert damping associated with the spin-wave propagation can be made substantially lower than the Joule heat losses in electronic devices. Although individual spin-wave signal processing devices have been successfully developed, the challenging contemporary problem is the formation of two-dimensional planar integrated spin-wave circuits. Using both micromagnetic modeling and analytical theory, we present an effective solution of this problem based on the dipolar interaction between two laterally adjacent nanoscale spin-wave waveguides. The developed device based on this principle can work as a multifunctional and dynamically reconfigurable signal directional coupler performing the functions of a waveguide crossing element, tunable power splitter, frequency separator, or multiplexer. The proposed design of a spin-wave directional coupler can be used both in digital logic circuits intended for spin-wave computing and in analog microwave signal processing devices.
INTRODUCTION
Spin waves (SWs) are orders of magnitude shorter compared to electromagnetic waves of the same frequency, and therefore, the use of SWs allows one to design much smaller nanosized devices for both analog and digital data processing (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . Recently, several novel concepts of magnonic logic and signal processing have been proposed (2, 3, 6, (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) , but one of the unsolved problems of the magnonic technology is an effective and controllable connection of separate magnonic signal processing devices into a functioning magnonic circuit (6) . Unfortunately, a simple X-type crossing (21, 26) has a significant drawback because it acts as an SW re-emitter into all four connected SW channels. Thus, an alternative solution for an SW device connector is necessary.
We propose to use dipolar interaction between magnetized or selfbiased, laterally parallel SW waveguides to realize a controlled connection between magnonic conduits. Originally, such an SW coupling has been studied theoretically in a "sandwich-like" vertical structure consisting of two infinite films separated by a gap (27, 28) . However, experimental studies of this structure are rather complicated due to the lack of access to the separate layers, which is required for the excitation and detection of propagating SWs. The configuration of a connector based on two laterally adjacent waveguides is well studied in integrated optics because it can be conveniently implemented in applications (29) . Recently, the dipolar coupling between two externally magnetized millimetersized laterally adjacent magnetic stripes has been studied experimentally using Brillouin light scattering spectroscopy by Sadovnikov and colleagues (30) (31) (32) . It has been shown that SW coupling efficiency depends on both the geometry of a magnonic waveguides and the characteristics of the interacting SW modes (30) . Also, a nonlinear regime of the SW waveguide coupling has been experimentally investigated in millimetersized waveguides (31) .
However, to make a directional coupler based on the dipolar interaction between laterally adjacent SW waveguides usable in contemporary magnonic circuits, this device should be substantially more compact (nanometer instead of millimeter in size), should be able to function without permanent bias magnetic field, should have sufficiently low propagation losses (related to both Gilbert damping and waveguide reflections), and should be easily integrable into large magnonic circuits without additional input and output transducers. Also, it is necessary to develop an analytic theory of operation of such a device, which would allow one to easily adjust and optimize the device characteristics for a particular application.
Here, we study dipolar coupling of nanoscale self-biased SW waveguides and propose a practical design of a nanoscale magnonic directional coupler. We do this using the combination of micromagnetic simulations and analytical theory, which we developed for easy optimization of the device characteristics. The proposed directional coupler consists of two bent nanosized and self-biased SW waveguides, where the bent regions are placed laterally close to each other, thus defining a region of the waveguides where the dipolar coupling is taking place. The chosen particular shape of the bent regions ensures a highly efficient (more than 95%) SW transmission that is difficult to achieve on the waveguides of a millimeter-size (33) or even micrometersize (19, 21) scales. Using micromagnetic simulations, we demonstrate that the proposed SW directional coupler can have different functionalities (connector, power divider, frequency separator, multiplexer, etc.) controlled by the external parameters, such as the frequency (wave number) of the propagating SW, length of the "coupling" region of the waveguides, relative orientation of the static magnetizations in the coupled parallel waveguide segments, and the magnitude of the permanent bias magnetic field (which might be used but is not essential). It is also demonstrated that the working parameters and the functionality of the proposed device can be dynamically reconfigured by application of a short (tens of nanoseconds) pulse of an external bias magnetic field.
Operational principle of the directional coupler
In the case when two identical magnetic strip-line SW waveguides are placed sufficiently close to one another (see Fig. 1A ), the dipolar coupling between the waveguides leads to a splitting of the lowest width SW mode of a single waveguide into the symmetric ("acoustic") and antisymmetric ("optic") collective modes of the coupled waveguides (see Fig. 1 , B and C). Thus, in a system of two dipolarly coupled waveguides, at each frequency, two SW modes (symmetric and antisymmetric, whose profiles are shown in Fig. 1C ) with different wave numbers k s and k as (Dk x = |k s − k as |) will be excited simultaneously. The interference between these two propagating waveguide modes will lead to a periodic transfer of energy from one waveguide to the other (see Fig. 1A ), so the energy of an SW excited in one of the waveguides will be transferred to the other waveguide after propagation over a certain distance that will be defined as the coupling length L (28)
Note that, in our case, spins at the lateral boundaries are pinned only partially (34, 35) , and therefore, we introduce the "effective width" of the waveguides w eff that can be larger than the nominal waveguide width w (see Fig. 1C ). This issue is discussed in more detail below.
The difference in the wave numbers Dk x of the modes of the same frequency is equal to Dk x = Dw/(∂w 0 /∂k x ) = Dw/v gr , where Dw = 2pDf, Df = |f as − f s | is the frequency separation between the symmetric ( f s ) and antisymmetric modes ( f as ) (see Fig. 1B ), and w 0 = 2pf 0 , f 0 is the SW frequency. With this last expression, the coupling length can be rewritten as
where v gr is the SW group velocity in a single isolated waveguide. The case interesting for applications is the one when an SW is originally excited in only one SW waveguide. The output powers for both waveguides can be expressed as follows (28) : P 1 out = P in cos 2 (pL W /(2L)) for the first waveguide and P 2 out = P in sin 2 (pL W /(2L)) for the second one, where L W is the length of the coupled waveguides as shown in Fig. 1A and P in is the input SW power in the first waveguide. The dependence of the normalized output power of the first waveguide P 1 out /(P 1 out + P 2 out ) can be expressed as
This dependence is shown in Fig. 1D as a function of the coupling length L for the case when damping is ignored.
Thus, the interplay between the length of the coupled waveguides L W and the coupling length L, which is strongly dependent on several external and internal parameters of the system, allows one to define the ratio between the SW powers at the outputs of two coupled waveguides and, thus, define the functionality of the investigated directional coupler. In particular, we demonstrate below that the functionality of the directional coupler can be changed by varying the geometrical sizes of the waveguides and spacing in between them by changing the SW frequency (wave number) and/or the applied bias magnetic field and changing the relative orientations of static magnetizations of the interacting SW waveguides.
An analytical theory of coupled waveguides
To analytically describe the energy transfer in the system of two coupled waveguides, we first need to find the dispersion relation and the spatial profiles of the SW eigenmodes in them. When two waveguides are coupled, the SW branch existing in an isolated waveguide is split into two collective SW modes. In the simplest case of identical waveguides, these collective modes are symmetric and antisymmetric (see Fig. 1C) . To obtain the dispersion relation and the spatial structure of the collective modes in a general case, one needs to solve the Landau-Lifshitz (LL) equation of magnetization motion
in the linear approximation and neglecting the damping term. Here, M is the magnetization vector, B eff is the effective field (which includes exchange, external, and demagnetization fields), and g is the gyromagnetic ratio. In the following, we assume that the dynamic component of the magnetization is constant across the waveguide thickness (uniform thickness profile) that is a good approximation for waveguide thicknesses of the order of hundred nanometers and smaller. Within this approximation, the SW spectra can be calculated using the formalism developed by Verba and colleagues (36, 37) for the case of coupled magnetic nanodots but with the difference that SW propagation along the nanowire waveguides should be taken into account. We consider two identical SW waveguides and identical SW modes propagating along these waveguides in the x direction. Then, the magnetization in a waveguide can be written as M(r, t) = M s (m + m(y)exp(i(kx + w k t))), where M s is the saturation magnetization, m is the unit vector in the direction of the static magnetization, and m << 1 is the small dynamic deviation of the magnetization from its equilibrium position. Using this representation in Eq. 4, we derive the following expression for the SW vector and amplitudes
which is the Fourier representation (in time and x coordinate) of the linearized LL equation. Here, m is the unit vector along the direction of the static magnetization; indices p, q = 1, 2 enumerate waveguides; and the tensorŴ k x ;pq has the form
where B is the static internal magnetic field, which in our case is considered to be equal to the external magnetic field due to the negligible demagnetization along the x direction, d pq is the distance between the centers of the two waveguides (that is,
is the gap between the waveguides of width w, l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2A=ðm 0 M 2 s Þ p is the exchange length, d pq is the Kronecker delta function, w M = gm 0 M s , m 0 is the vacuum permeability, g is the gyromagnetic ratio, andÎ is the identity matrix. Note that, due to the effective dipolar boundary conditions (34, 35) at the lateral boundaries of the waveguides, the width profiles of the collective SW modes will be, in general, partially pinned, resulting in a nonuniform width profile of the fundamental SW mode of the waveguide m(y)~cos (k y) = cos (py/ w eff ). This nonuniformity is taken into account by the effective wave number k = p/w eff , where w eff is the effective width of the waveguide (see illustration in Fig. 1C ). In general, the effective width of the waveguides w eff can be substantially larger than the nominal waveguide width w when the effective pinning decreases (see Fig. 1C ). The influence of the dynamical magneto-dipolar interaction (both intra-and inter-waveguides) in Eq. 6 is described by the tensorF kx , which is convenient to calculate using a Fourier-space approach, developed by Beleggia et al. (38) , namelŷ
where
Àik y y dy is the Fourier transform of the SW profile across the width of the waveguide, andw ¼ ∫ w=2 Àw=2 mðyÞ 2 dy is the normalized constant of the mode profile m(y). For k = 0, one should calculate the corresponding limit ofN k . In the case d = 0, the tensor F k x ð0Þ coincides with the dipolar self-interaction inside the waveguide. F kx ðdÞ is the dipolar interaction between the waveguides. In the case of an almost uniform SW profile m(y) = 1, which is realized if the waveguide size is close to or smaller than the material exchange length l or if the effective boundary conditions are free (that is, w eff → ∞), the Fourier transform is described by the function s k = w sinc(k y w/2) andw ¼ w. For any other spatially symmetric mode with the profile m(y)~cos (ky), the Fourier transform s k can be evaluated as
k y cosðkw=2Þ sinðk y w=2Þ À k cosðk y w=2Þ sinðkw=2Þ
Noting that the tensorF kx ðdÞis diagonal and real (as long as the static magnetization is directed along one of the symmetry axes of the waveguide), we can obtain simple explicit expressions for the SW dispersion relations of the waveguide SW modes. The dispersion relation for the SW mode in an isolated waveguide is
The dispersion relation for two coupled waveguides (two modes) is
Noting that the magneto-dipolar interaction between the waveguides is small compared to the dipolar self-interaction inside the waveguide, the dispersion relations of the two collective modes (symmetric and antisymmetric) in a pair of coupled waveguides can be approximated as
where the frequency separation between the symmetric and antisymmetric collective modes is given by
Equation 13 describes the dependence of the frequency separation between the symmetric and antisymmetric modes on all the geometrical and material parameters of the system consisting of two coupled waveguides. In general, Df increases with an increase in dynamic magneto-dipolar interaction between the waveguides. This increase can be realized by decreasing the separation between the waveguides or by an increase of the thickness-to-width aspect ratio of the waveguides. In addition, Df significantly depends on the saturation magnetization of the used materials. If the wave number of the excited SW, as well as the spin-pinning conditions (effective width w eff ), is fixed, then Df can be approximated as Df º w M º M s in both the dipolar and exchange regions and is independent of the applied external field. As shown by Eq. 2, the coupling length L = v gr / (2Df) is proportional to the ratio between the SW velocity and the frequency separation. Because in dipolar approximation the velocity v gr º M s is practically proportional to the saturation magnetization, the coupling length L is independent of the choice of the material. Thus, the use of yttrium iron garnet (YIG), which has a smaller value of M s compared to metallic materials, is preferable for dipolar waves due to the longer SW lifetimes in this material. In contrast, in the exchange-dominated region, the SW dispersion relation can be approximated as f ¼ 2 in the exchange region is smaller in the materials with high M s , and another mechanism can be used to enhance the coupling between the SW waveguides as discussed later.
The developed analytical theory represents a method to calculate the characteristics of the magnonic SW couplers that are relatively simple and intuitive, compared to the traditional micromagnetic simulations. In the following, the analytic results are directly compared to the results of micromagnetic simulations.
RESULTS

Model and simulations
The structure of a directional coupler is schematically shown in Fig. 2A . Two parallel waveguides (length of 100 mm, width w ranging between 100 and 300 nm, and thickness t in the range of 10 to 50 nm) are placed laterally parallel with a gap d (ranging between 10 and 100 nm). The numerical modeling of this structure is performed using the MuMax3 (39) . In our numerical simulations, the Gilbert damping at the ends of the waveguides is set to exponentially increase to 0.5 to eliminate SW reflections at the waveguide ends [experimentally, this can be realized using tapered edges (30) or by placing a normal metal on top of the waveguide edges to use the phenomena of spin pumping (6, 10)]. Because of the ultralow Gilbert damping of YIG, the SW propagation distances in YIG waveguides reach up to dozens of micrometers (10, 14, 41, 42) , which opens up the possibility for the realization of complex integrated SW circuits. A small external magnetic field B ext = 10 mT is applied along the long axis of the waveguides (x direction in Fig. 2 ). To excite a propagating SW in one of the waveguides, we applied a sinusoidal magnetic field b y = b 0 sin(2pft) at the center of the second waveguide over an area of 20 nm in length (see yellow area shown in Fig. 2A) , with the oscillation amplitude b 0 = 1 mT and a varying microwave frequency f.
Splitting of SW dispersion curves due to the dipolar coupling between waveguides Figure 2B shows a snapshot of the dynamic magnetization profiles in the coupled waveguides with the following parameters: width w = 100 nm, thickness t = 50 nm, and gap d = 100 nm. The frequency of the excited SW in this case was 2.96 GHz, corresponding to a wave number k x = 0.02872 rad/nm. It can be seen that the energy of the SW, excited in waveguide #2, is transferred completely to waveguide #1 after propagation over the coupling length L (see Fig. 2B ). ) (Fig. 2D) . The coupling length of L = 12 mm can be extracted from Fig. 2 (C and D) . Note that the SW wavelength in our studies is of the order of 100 nm. The simulation performed for the damping-free waveguides shows the lossless oscillations of the SW energy between the waveguides. The blue line is a fit to the data using the dependence P 1 =P in sin 2 (xp/(2L)), where P in is the power launched into waveguide #2 and P 1 is the power in waveguide #1. In the case where realistic SW damping is taken into account, the SW power gradually decreases, as expected. The results can be fitted by a similar model that includes the damping term P 1 =P in sin 2 (xp/(2L))exp(−|2x|/x freepath ), where x freepath = 88 mm is the exponential decay length, which is in good agreement with the analytical theory. Figure 2E shows the dispersion characteristics of the two lowest width modes of a single isolated waveguide, and Fig. 2F shows the similar dispersion curves for a pair of the waveguides coupled across a gap of d = 10 nm. The color maps were calculated by micromagnetic simulations, whereas the black dashed lines for the lowest width SW mode were obtained using the analytic equations (Eqs. 10 and 11) for the single waveguide and the coupled waveguides, respectively.
It is seen that the dispersion curve corresponding to the lowest width mode of a single waveguide splits into two modes: antisymmetric (as) (top) and symmetric (s) (bottom) (see Figs. 1C and 2F ). This splitting is caused by the dipolar interaction between the waveguides. The oscillations of the SW energy in the coupled waveguides can be interpreted as an interference of the symmetric and antisymmetric SW modes (28) (29) (30) . These two SW modes have the same frequency but different wave numbers and, therefore, different phase velocities. Thus, these modes accumulate a phase difference during their propagation in the waveguides. When the accumulated phase difference is equal to p, the superposition of the two modes results in a destructive interference in one of the waveguides and in a constructive interference in the other one. The SW energy is completely transferred from one waveguide to the other after propagation for a coupling length L. Analogously, the energy is transferred back to the first waveguide after the further propagation for the same distance L, and the process is periodic (see movie S1). Note that the complete SW energy periodic exchange between the coupled waveguides is possible only if the waveguides are identical, have parallel or antiparallel static magnetization, and experience the same internal magnetic field. In other cases, the SW energy is also transferred on a distance L, but the transfer is incomplete (43) . Figure 3 shows the dependence of the coupling length L on the geometrical parameters of the waveguides: the gap size d (Fig. 3A) , the thickness t (Fig. 3C) , the width w (Fig. 3D ) of the waveguides, and, on the SW, wave number k x (Fig. 3B) . In general, it can be seen that the increase of the dipolar coupling between the waveguides results in a decrease of L. The coupling between the waveguides is increased by a decrease of the gap d between the waveguides, by a decrease in their width w, or by an increase in their thickness t. Note, also, that the coupling strength is decreased with increasing SW wave number k x due to the decreased dipolar interaction for short-wavelength exchange SWs. The latter is a challenge that should be addressed in the design of future nanomagnonics devices operating with SWs on the nanometer wavelength scale. One way to overcome this difficulty is to further decrease the gap between the waveguides. Another possible way to increase the coupling between the waveguides and, thus, to decrease the lateral sizes of the directional coupler is to fill the gap between the waveguides with another magnetic material [see, for example, the study of Wang et al. (44) ]. For this purpose, it is preferable to use magnetic materials with higher values of M s to ensure that the SW excitation in this material has higher frequencies and does not disturb the operational characteristics of the directional coupler (these studies are beyond the scope of the present work). The results obtained from the micromagnetic simulations (circle points) and from the analytical theory (lines) are consistent with those in Fig. 3 . In the waveguides with a width w > 150 nm, the SW profile across the width becomes essentially nonuniform due to dipolar pinning (34, 35) , and the micromagnetically calculated SW profiles (in an isolated waveguide) are used for the calculation of the geometric form factor s k .
Coupling length
In the course of our simulations, a single-frequency SW was excited in one of the waveguides, and the width profile of this SW mode was extracted from the results of numerical simulation. The function m z (y) = A 0 ⋅ cos(py/w eff ), where A 0 is the amplitude, was used to fit the numerically calculated width profile of the SW mode to obtain the effective waveguide width w eff . Then, this effective width was inserted into Eq. 9 for analytic calculations. The inset in Fig. 3D shows the dependence of the effective width on the geometrical width w of the waveguides. The effective width strongly increases with the decrease in w, which corresponds to the gradual decrease of the effective dipolar pinning at the lateral edges of the waveguides (34, 35) .
Antiparallel magnetization configuration
In the previous sections, it was assumed that a small external bias magnetic field was applied along the x direction to orient the static magnetization along the waveguides' long axes. However, in nanoscale waveguides, the static magnetization orients itself parallel to the waveguides spontaneously without any external field due to the strong shape anisotropy of the elongated nature of a waveguide. Moreover, in the absence of an external field, waveguides can exist in two stable magnetic configurations-with parallel and antiparallel static magnetizations. The analytical calculations show that the SW dispersion and, therefore, the coupling length depend significantly on the static magnetization configuration. This is a result of the gyrotropic motion of the magnetization vector-in the parallel configuration, the magnetization vectors of both waveguides rotate in the same direction, whereas in the antiparallel configuration, they rotate in the opposite directions, which leads to a different dynamic magneto-dipolar interaction between the waveguides. In particular, for the antiparallel configuration of the waveguide static magnetizations, the splitting of the dispersion relation of the symmetric and antisymmetric collective modes is given by
This equation is substantially different from the splitting Eq. 13 that takes place in the case of parallel static magnetization of the coupled waveguides. As one can see from Fig. 4 (A and B) , the frequency splitting is stronger for the antiparallel magnetization configuration, which results from the stronger interaction of the oppositely precessing dynamic magnetizations in the two coupled waveguides. Consequently, the coupling length for the antiparallel configuration is always smaller than that for the parallel magnetization configuration, as one can see from the dependence of the coupling length L on the gap d and on the SW wave number k x shown in Fig. 4 , C and D, respectively.
Design of a directional coupler
The dipolarly coupled SW modes in parallel waveguides have a large potential for applications. The functionality of a microwave signal processing device based on two laterally parallel coupled waveguides depends on the ratio between the coupling length L and the length of the coupled waveguides L W . Thus, according to Eq. 3, if L W = (2n + 1)L, where n is an integer value, then the entire energy will be transferred from one waveguide to the other, and the directional coupler can be used as a connector of magnonic conduits. If L W = (n + 1/2)L, then the coupler can be used as an equal divider (3 dB in each beam pass) for microwave power. Taking into account that the coupling length L strongly depends on the SW wave number k and, consequently, on the signal frequency, the directional coupler can be used as a frequency separator. Finally, the variation of the external bias magnetic field and/or of the direction of static magnetization in one of the coupled waveguides allows the switching of the functionality of the directional coupler having a fixed length L W and fixed signal frequency.
One of the challenging tasks in the practical realization of a directional coupler is the design of the inputs (outputs) to (from) the coupled SW waveguides that are needed to precisely define the L W /L ratio [note, for example, the absence of such inputs and outputs in the studies of Sadovnikov and colleagues (30) (31) (32) ]. The design of directional couplers proposed here is somewhat analogous to the design of optical directional couplers (29) but needs a substantial modification because of the anisotropy of the SW dispersion laws and their qualitative dependence of the orientation of the static magnetization in an SW waveguide (21, 45) . Moreover, the SW spectra typically have a multimode character, which can significantly complicate the SW microwave signal processing (19) . Most of these problems are automatically solved, when the sizes of the magnonic signal processing devices are scaled down to below a micrometer. In this case, the frequencies of the SW modes are well separated due to the strong exchange interaction that shifts the frequency of the higher-order thickness and width modes by several gigahertz (see, for example, Fig. 2E ). Moreover, as described above, the strong shape anisotropy of the elongated SW waveguides makes the waveguides static magnetization parallel to the long axis of the waveguide and, therefore, along the direction of the SW propagation even in the presence of a small external bias magnetic field (see black arrows in Fig. 5A showing the direction of static magnetization). This quasi-isotropic condition for the SW propagation is one of the big advantages of the nanosized magnonic conduits when compared to the similar systems of the micro-and macroscale. The angle between the sections of the directional coupler is chosen to be 20°, as shown in the figure. This angle is small enough to show a good SW transmission through the bent point of the SW waveguide. Additional simulations are performed using the upper left region of the directional coupler (the region that contains two bents of the waveguide and is marked by dashed lines in Fig. 5A , bottom panel) and compared to the reference straight waveguide. The results show that the reflection weakly increases with the increase in the SW wave number but stays below 5% for the design shown in Fig. 5A . Therefore, the structure shown in Fig. 5A , which is analogous to the directional coupler used in integrated optics (29) , is also suitable for the realization of an SW directional coupler but on the nanometer scale. The main drawback of such a design is that the corners of the structure (marked with red circles in Fig. 5A ) could act as secondary SW sources, thus disrupting the operational characteristics of the device. To minimize these distortions, we introduced a translational shift d s = 100 nm between the beams in the practical model of the proposed directional coupler, as shown in Fig. 5A . In the absence of this shift (d s = 0 nm), the transmission of the SW power to the other waveguide drops down from 99.6 to 97.9% (for the case illustrated in Fig. 6A ). The increase of the shift d s > 100 nm, practically, does not influence the transmission anymore if the length L W is fixed. The improvement of the transmission characteristics is independent of the direction of the translational shift. In the following studies, we fixed the width of the waveguides to w = 100 nm, the thickness to t = 50 nm, and the gap between the waveguides to d = 30 nm. The length of the coupled waveguides L W was fixed to be equal to L W = D − d s = 4900 nm.
Figure 5B shows the normalized output power in the first beam pass P 1 out /(P 1 out + P 2 out ) as a function of the SW wave number k x . The symbols represent the results of the micromagnetic simulations, and the lines are obtained from the analytical theory for the parallel (black) and antiparallel (red) configuration of the waveguides' static magnetizations, respectively.
Note that, despite the fact that the directional coupler as a whole was studied by micromagnetic simulations, although only the parallel parts (of the length L W ) of the coupled waveguides were considered in the Figure 6 shows the color maps of the SW amplitude (represented by the variable component of the dynamic magnetization m z ) in a directional coupler for different input frequencies and, consequently, wave numbers. Because it is expected from the results shown in Fig. 5B , the SW of the frequency f 1 = 2.88 GHz is almost fully transferred to the second waveguide. After a few oscillations between the waveguides, 99.6% of the output SW energy (here, we show the fraction of the output SW power between two outputs) is detected at the second pass of the device in our simulations. The coupling length (L = 1630 nm in this case) satisfies the ratio L W = 3 × L. Thus, this directional coupler can be used to effectively connect two magnonic conduits. If the SW of the same frequency is excited in the other pass of the coupler, then the SW energy will be transferred into the opposite pass in a similar way. The situation is different for the SW of the frequency f 3 = 3.2 GHz (see Fig. 6C ) that corresponds to a longer coupling length of L = 2450 nm. The length of the waveguides is L W = 2 × L in this case (see also Fig. 5B) , and the SW energy is transferred back to the input pass of the directional coupler. This means that the directional coupler can be used as a frequency separator (multiplexer): If SWs of different frequencies f 1 and f 3 are simultaneously excited in the same beam pass of the waveguide, then the SW of frequency f 1 will exit from one pass of the coupler, whereas the signal of frequency f 3 will exit from the other pass, as shown in Fig. 6 (D to F) (see also movie S2). Figure 6B shows that the directional coupler can be used as a 3-dB power divider in which half of the energy is transferred to the second pass of the coupler and half of the energy stays in the first pass. A propagating SW of the frequency f 2 = 3.01 GHz corresponding to L = 1960 nm has been excited in this case to ensure the condition L W = 2.5 × L. The ratio between the output energies in both beam passes of the waveguide can be easily tuned by the frequency of the input signal.
Functionalities of a directional coupler
Furthermore, the ratio between the output powers can be adjusted by shifting the dispersion curves up or down using an applied external magnetic field. An SW of the frequency f 3 = 3.2 GHz has a coupling length L = 2450 nm (unbiased case). In this case, the SW energy is transferred back to the same input pass of the directional coupler (see Fig. 6G ). When the external bias magnetic field is increased to 7.1 mT, the coupling length decreases to 1960 nm, and the directional coupler acts as a 3-dB power divider (see Fig. 6H ). The continuing increase of the bias field to 12 mT results in the coupling length further decreasing to 1630 nm, and in such a situation, most of the SW energy is transferred to the second pass of the directional coupler, as shown in Fig. 6I . The energy of the propagating SW can be switched from one pass to the other during a few nanoseconds using the application of an abrupt step in the external bias field. Movie S3 shows the situation in which the biasing magnetic field B ext is changed from 0 to 12 mT within 10 ns. Because the magnetization ground state is not changed in this case (as opposed to the process of the switching of the magnetization direction discussed further), the switching time is limited only by the time that the SW needs to pass the directional coupler (around 20 ns in our simulations).
Finally, we study the case when an SW of frequency f 3 is excited (see Fig. 6J ), but the relative orientation of the static magnetizations in the A B beam passes has been switched from parallel to antiparallel (see Fig. 6K ).
As expected, on the basis of the results presented in Fig. 5B , most of the SW energy is transferred in that case from one pass of the directional coupler to the other one due to the shorter coupling length L for the antiparallel magnetization configuration (L = 1640 nm in this case satisfies the condition L W = 3 × L). Thus, the proposed directional coupler turns out to be fully dynamically reconfigurable and can be used as an effective and fast switch and/or multiplexer (9) . Obviously, the operational frequency of the device can be easily varied with the length of the directional coupler L w by the geometry of the waveguides that defines the coupling length L or by the external bias magnetic field. However, it is important to note that the maximum operating power of such a frequency multiplexer is limited by different nonlinear SW phenomena (18, 30, 45) .
Switching of the orientation of static magnetization in a directional coupler Here, we would like to discuss the practical realization of the switching of the relative orientation of the static magnetizations in the passes of the directional coupler (see Fig. 4 ). Taking into account a very short separation distance between the parallel passes of the coupler, it is difficult to remagnetize the passes of the coupler independently using external magnetic fields. Instead, here, we propose to use a method similar to the one used in previous studies (12, (46) (47) (48) for the switching of the magnetic state in arrays of dipolarly coupled magnetic nanodots. Namely, we apply a short (~20 ns) magnetic field (0.1 T) pulse in the perpendicular direction (y direction), which temporarily magnetizes both waveguides in the y direction (Fig. 7A) .
Then, the applied field is decreased to zero within 10 ns. This evolution not only allows the static magnetization in the coupler to be spontaneously directed along the long axes of the waveguides (see movie S4) but also results in the excitation of parasitic SWs in the structure (see the long tail in the M y characteristics). In general, the device is ready for operation after a time period exceeding at least one SW life cycle, which, in our case, is equal to 252 ns (for the 3-GHz frequency).
However, even 50 ns after the bias field has been turned off, one can see that the magnetization distribution in the directional coupler assumes the form shown in the right panels of Fig. 7A . Each pass of the waveguide contains a domain wall in the center of the structure (due to the energy minimum condition) and is therefore separated into two regions with opposite directions of the static magnetization. The magnetization orientations in both regions are antiparallel to each other as desired.
To prove that the domain walls do not substantially disturb the operational characteristics of the device, we performed additional simulations for a single SW waveguide with the same domain wall structure and showed that the SW reflection coefficient due to the domain wall is only 3%. Figure 6L demonstrates that the magnetization configuration with the presence of the domain walls does not have much influence on the operational characteristics of the directional coupler when compared to the ideal antiparallel aligned magnetization configuration shown in Fig. 6K .
To switch the magnetization configuration of the directional coupler back to the parallel state, we applied a field of 0.3 T in the x direction (parallel to the waveguides), as shown in Fig. 7B . The magnetic field is switched on again for 30 ns with a rise and fall time of 10 ns. Note that these time intervals are important because the switching of the magnetic field for a shorter period will not necessarily result in the switching of the magnetization configuration. The magnetization orientation is shown in the same way as in Fig. 7A . One can see that approximately 50 ns after the external field was switched off, the directional coupler stays in its original parallel magnetization configuration (see movie S5). Figure 6J shows the SW amplitude in this case, and one can see that the SW energy reaches the same beam pass in which it was originally excited. Thus, the proposed methodology allows the realization of the SW switch.
Robustness of the directional coupler characteristics
We would like to mention that the simulations presented here were performed without taking into account temperature, that is, for zero effective temperature. Additional numerical simulations, identical to those shown in Fig. 6A (at an SW frequency of 2.88 GHz), were performed at an effective temperature of 300 K (using the embedded MuMax3 package) to explore the influence of temperature on the characteristics of the directional coupler (see movies S6 and S7). Only a small difference between the operational characteristics of the device was obtained for different temperatures: The output power of the device is 99.6% at zero temperature and 86.3% at room temperature. The difference is mainly caused by a slight shift of the dispersion characteristics of SWs due to the decrease in the saturation magnetization (49) that results, consequently, in a change of the coupling length. This behavior is analogous to the temperature-induced change of the coupling length in optical directional couplers due to the change of the refractive index (29, 50) . The role of temperature can be decreased by an adjustment of the coupling length via a slight variation of the signal frequency. The output power of the device can be increased to 94.5% at room temperature by slightly decreasing the frequency to 2.84 GHz (see movie S8).
Finally, we would like to discuss the influence of rough boundaries at the edges of the SW waveguides (that might result from the fabrication A B process) on the characteristics of a magnonic directional coupler. Additional numerical simulations, similar to those shown in Fig. 6I (in the presence of a weak external magnetic field of 12 mT), were performed with rough boundaries (see Fig. 8B ). Five-nanometer-wide and randomly defined long (from 50 to 400 nm to be comparable to the SW wavelength) rectangular magnetic elements are additionally introduced on both sides of each SW waveguide to act as roughness. The introduction of the roughness results in the increase of the average width of the waveguides. To compensate it, we increased the gap d from 30 to 35 nm. Only a small difference in the operational characteristics of the directional coupler was found for different boundary conditions: The output power of the device is 99.3% for the smooth boundaries and 94% for the rough boundaries. These robust operational characteristics are due to the "diluted" SW dispersion spectra in the nanoscale waveguide shown in Fig. 2F , in which the frequencies of higher thickness and width modes are separated by several gigahertz. As a result, the elastic two-magnon scattering damping mechanism is absent (19, 21) . This is an additional advantage given to the directional coupler by its nanometer sizes.
CONCLUSION
In conclusion, a practical design of a nanoscale SW directional coupler is proposed and studied by means of micromagnetic simulations and analytical theory. The interference between the two collective SW modes of two laterally parallel and dipolarly coupled magnetic waveguides separated by a gap provides a mechanism responsible for the operation of the device. The coupling length L, over which the energy of an SW is transferred from one waveguide to the other, is studied as a function of the SW wave number, geometry of the coupler, relative orientation of the static magnetization in the coupled waveguides, and the magnitude of the applied magnetic field (if it is used). The proposed design of the device allows one to use it as a directional coupler, as a controlled multiplexer, as a frequency separator, or as a power divider for microwave signals. Our micromagnetic simulations have also shown that the proposed device has an additional benefit: Its functionality can be dynamically reconfigured within tens of nanoseconds by application of a short pulse of an external bias magnetic field. Finally, the robustness of the coupler has been tested in additional numerical simulations, where geometric sizes were varied. These simulations ensured us that the experimental realization of the device is possible. The nanometer sizes of the proposed directional coupler and its ability to operate without external bias field make the proposed device interesting and useful for the processing of both digital and analog microwave signals at the nanoscale.
MATERIALS AND METHODS
Extraction of the dispersion relations from the results of micromagnetic simulation
The micromagnetic simulations were performed using the MuMax3 (39) code. It uses the Dormand-Prince method (51) for the integration of the LL-Gilbert equation
where M is the magnetization vector; B eff is the effective field that includes exchange, external, and demagnetization fields; g is the gyromagnetic ratio; and a is the damping constant. The material parameters were given in the main text. There were three steps involved in the calculation of the SW dispersion curve in our simulation: (i) The external field was applied along the waveguide, and the magnetization was relaxed to a stationary state (ground state). This state was consequently used as the ground state in the following simulations.
(ii) To excite odd and even SW width modes, a sinc field pulse was applied to a 20-nmwide area located on one side of the waveguide. The sinc field is b y = b 0 sinc(2pf c t), with an oscillation field b 0 = 1 mT and a cutoff frequency f c = 20 GHz. The M z (x, y, t) of each cell was collected over a period of T = 100 ns and recorded in T s = 25-ps intervals, which allows a frequency resolution of Df = 1/T = 0.01 GHz, whereas the highest resolvable frequency was f max = 1/(2T s ) = 20 GHz. The fluctuations in m z (x, y, t) were calculated for all the cells, m z (x, y, t) = M z (x, y, t) − M z (x, y, 0), where M z (x, y, 0) corresponds to the ground state obtained from the first step.
(iii) To obtain the SW dispersion curves, we performed two-dimensional (2D) fast Fourier transformation (FFT) (52, 53)
jF 2 ½m z ðx; y i ; tÞ À m z ðx; y i ; 0Þj 2 ð16Þ whereF 2 is the 2D FFT, y i is the ith cell along the width of the waveguide, and N is the total number of the cells along the width of the waveguide. To visualize the dispersion curve, we recorded a 3D color map of P(k x , f ) º m z (k x , f ) in logarithmic scale versus f and k x , which is shown in Figs. 2 (E and F) and 4 (A and B). We performed 2D FFT on the time evolution and along the waveguide. Next, the average FFT amplitude was taken along the width of the waveguide. This method allows us to obtain information about all the SW modes (even and odd) existing in the waveguide.
SUPPLEMENTARY MATERIALS
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